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ASYMPTOTIC BEHAVIOUR FOR A
CLASS OF SUBHARMONIC
FUNCTIONS IN A HALF SPACE ∗
PAN GUOSHUANG1,2 AND DENG GUANTIE1,∗∗
Abstract. A class of subharmonic functions are proved to have
the growth estimates u(x) = o(x
1−
α
p
n |x|
γ
p
+
n−1
q
−n+α
p ) at infinity in
the upper half space ofRn, which generalizes the growth properties
of analytic functions and harmonic functions.
1. Introduction and Main Theorem
LetRn(n ≥ 3) denote the n-dimensional Euclidean space with points
x = (x1, x2, · · · , xn−1, xn) = (x′, xn), where x′ ∈ Rn−1 and xn ∈ R.
The boundary and closure of an open Ω of Rn are denoted by ∂Ω
and Ω respectively. The upper half-space H is the set H = {x =
(x′, xn) ∈ Rn : xn > 0}, whose boundary is ∂H . We write B(x, ρ) and
∂B(x, ρ) for the open ball and the sphere of radius ρ centered at x in
Rn. We identify Rn with Rn−1 ×R and Rn−1 with Rn−1 × {0}, with
this convention we then have ∂H = Rn−1, writing typical points x, y ∈
Rn as x = (x′, xn), y = (y
′, yn), where x
′ = (x1, x2, · · · , xn−1), y′ =
(y1, y2, · · · yn−1) ∈ Rn−1 and putting
x · y =
n∑
j=1
xjyj = x
′ · y′ + xnyn, |x| =
√
x · x, |x′| =
√
x′ · x′.
For x ∈ Rn\{0}, let([10])
E(x) = −rn|x|2−n,
where |x| is the Euclidean norm, rn = 1(n−2)ωn and ωn = 2pi
n
2
Γ(n
2
)
is the
surface area of the unit sphere in Rn. We know that E is locally
integrable in Rn.
Key words and phrases. Subharmonic function, Poisson kernel, Green function,
Growth estimate.
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The Green function G(x, y) for the upper half space H is given by([10])
G(x, y) = E(x− y)− E(x− y∗) x, y ∈ H, x 6= y, (1.1)
where ∗ denotes reflection in the boundary plane ∂H just as y∗ =
(y1, y2, · · · , yn−1,−yn), then we define the Poisson kernel P (x, y′) when
x ∈ H and y′ ∈ ∂H by
P (x, y′) = −∂G(x, y)
∂yn
∣∣∣∣
yn=0
=
2xn
ωn|x− (y′, 0)|n . (1.2)
The Dirichlet problem of upper half space is to find a function u
satisfying
u ∈ C2(H), (1.3)
∆u = 0, x ∈ H, (1.4)
lim
x→x′
u(x) = f(x′) nontangentially a.e.x′ ∈ ∂H, (1.5)
where f is a measurable function of Rn−1. The Poisson integral of the
upper half space is defined by
u(x) = P [f ](x) =
∫
Rn−1
P (x, y′)f(y′)dy′. (1.6)
As we all know, the Poisson integral P [f ] exists if∫
Rn−1
|f(y′)|
1 + |y′|ndy
′ <∞.
(see [1,2] and [11])In this paper, we will consider measurable functions
f in Rn−1 satisfying ∫
Rn−1
|f(y′)|p
(1 + |y′|)γ dy
′ <∞. (1.7)
Siegel-Talvila([5]) have proved the following result:
Theorem A Let f be a measurable function in Rn−1 satisfying (1.7).
Then the harmonic function v(x) defined by (1.6) satisfies (1.3), (1.4),
(1.5) and
v(x) = o(x1−nn |x|n+m) as |x| → ∞.
In order to describe the asymptotic behaviour of subharmonic func-
tions in half-spaces([8,9] and [10]), we establish the following theorems.
Theorem 1 Let 1 ≤ p <∞, 1
p
+ 1
q
= 1 and
−(n− 1)(p− 1) < γ < (n− 1) + p in case p > 1;
0 < γ ≤ n in case p = 1.
If f is a measurable function in Rn−1 satisfying (1.4) and v(x) is the
harmonic function defined by (1.8), then there exists xj ∈ H, ρj > 0,
3such that
∞∑
j=1
ρpn−αj
|xj|pn−α <∞ (1.8)
holds and
v(x) = o(x
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞ (1.9)
holds in H −G. where G = ⋃∞j=1B(xj , ρj) and 0 < α ≤ n.
Remark 1 If α = n, p = 1 and γ = n, then (1.8) is a finite sum, the
set G is the union of finite balls, so (1.9) holds in H . This is just the
case m = 0 of the result of Siegel-Talvila.
Remark 2 When γ = −(n− 1)(p− 1), p > 1, we have
v(x) = o(x
1−α
p
n (log |x|) 1q |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞ (1.10)
holds in H −G.
Next, we will generalize Theorem 1 to subharmonic functions.
Theorem 2 Let p and γ be as in Theorem 1. If f is a measurable
function in Rn−1 satisfying (1.7) and µ is a positive Borel measure
satisfying ∫
H
ypn
(1 + |y|)γ dµ(y) <∞ (1.10)
and ∫
H
1
(1 + |y|)n−1dµ(y) <∞.
Write the subharmonic function
u(x) = v(x) + h(x), x ∈ H
where v(x) is the harmonic function defined by (1.8), h(x) is defined
by
h(x) =
∫
H
G(x, y)dµ(y)
and G(x, y) is defined by (1.1). Then there exists xj ∈ H, ρj > 0, such
that (1.8) holds and
u(x) = o(x
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞
holds in H −G. where G = ⋃∞j=1B(xj , ρj) and 0 < α < 2.
Remark 3 When γ = −(n− 1)(p− 1), p > 1, we have
u(x) = o(x
1−α
p
n (log |x|) 1q |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞ (1.10)
holds in H −G.
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2. Proof of Theorem
Let µ be a positive Borel measure in Rn, β ≥ 0, the maximal func-
tion M(dµ)(x) of order β is defined by
M(dµ)(x) = sup
0<r<∞
µ(B(x, r))
rβ
,
then the maximal function M(dµ)(x) : Rn → [0,∞) is lower semicon-
tinuous, hence measurable. To see this, for any λ > 0, let D(λ) = {x ∈
Rn : M(dµ)(x) > λ}. Fix x ∈ D(λ), then there exists r > 0 such
that µ(B(x, r)) > trβ for some t > λ, and there exists δ > 0 satisfying
(r + δ)β < tr
β
λ
. If |y − x| < δ, then B(y, r + δ) ⊃ B(x, r), therefore
µ(B(y, r + δ)) ≥ trβ > λ(r + δ)β. Thus B(x, δ) ⊂ D(λ). This proves
that D(λ) is open for each λ > 0.
In order to obtain the results, we need these lemmas below:
Lemma 1 Let µ be a positive Borel measure in Rn, β ≥ 0, µ(Rn) <
∞, for any λ ≥ 5βµ(Rn), set
E(λ) = {x ∈ Rn : |x| ≥ 2,M(dµ)(x) > λ|x|β }
then there exists xj ∈ E(λ) , ρj > 0, j = 1, 2, · · · , such that
E(λ) ⊂
∞⋃
j=1
B(xj , ρj) (2.1)
and
∞∑
j=1
ρβj
|xj |β ≤
3µ(Rn)5β
λ
. (2.2)
Proof: Let Ek(λ) = {x ∈ E(λ) : 2k ≤ |x| < 2k+1}, then for any x ∈
Ek(λ), there exists r(x) > 0, such that µ(B(x, r(x))) > λ(
r(x)
|x|
)β, there-
fore r(x) ≤ 2k−1. Since Ek(λ) can be covered by the union of a family of
balls {B(x, r(x)) : x ∈ Ek(λ)}, by the Vitali Lemma([6]), there exists
Λk ⊂ Ek(λ), Λk is at most countable, such that {B(x, r(x)) : x ∈ Λk}
are disjoint and
Ek(λ) ⊂ ∪x∈ΛkB(x, 5r(x)),
so
E(λ) = ∪∞k=1Ek(λ) ⊂ ∪∞k=1 ∪x∈Λk B(x, 5r(x)). (2.3)
On the other hand, note that ∪x∈ΛkB(x, r(x)) ⊂ {x : 2k−1 ≤ |x| <
2k+2}, so that
∑
x∈Λk
(5r(x))β
|x|β ≤ 5
β
∑
x∈Λk
µ(B(x, r(x)))
λ
≤ 5
β
λ
µ{x : 2k−1 ≤ |x| < 2k+2}.
5Hence we obtain
∞∑
k=1
∑
x∈Λk
(5r(x))β
|x|β ≤
∞∑
k=1
5β
λ
µ{x : 2k−1 ≤ |x| < 2k+2} ≤ 3µ(R
n)5β
λ
.
Rearrange {x : x ∈ Λk, k = 1, 2, · · · } and {5r(x) : x ∈ Λk, k =
1, 2, · · · }, we get {xj} and {ρj} such that (2.1) and (2.2) hold.
Lemma 2 The kernel 1
|x−y|n
has the following estimates:
(1) If |y| ≤ |x|
2
, then 1
|x−y|n
≤ 2n
|x|n
;
(2) If |y| > |x|
2
, then 1
|x−y|n
≤ 2n
|y|n
.
Throughout the proof, A denote various positive constants.
Proof of Theorem 1
We prove only the case p > 1; the proof of the case p = 1 is similar.
Suppose
G1 = {y′ ∈ Rn−1 : 1 < |y′| ≤ |x|
2
},
G2 = {y′ ∈ Rn−1 : |x|
2
< |y′| ≤ 2|x|},
G3 = {y′ ∈ Rn−1 : |y′| > 2|x|},
G4 = {y′ ∈ Rn−1 : |y′| ≤ 1}.
Define the measure dm(y′) by
dm(y′) =
|f(y′)|p
(1 + |y′|)γ dy
′
For any ε > 0, there exists Rε > 2, such that∫
|y′|≥Rε
dm(y′) ≤ ε
p
5pn−α
.
For every Lebesgue measurable set E ⊂ Rn−1 , the measure m(ε)
defined by m(ε)(E) = m(E ∩ {x′ ∈ Rn−1 : |x′| ≥ Rε}) satisfies
m(ε)(Rn−1) ≤ εp
5pn−α
, write
v1(x) =
∫
G1
P (x, y′)f(y′)dy′,
v2(x) =
∫
G2
P (x, y′)f(y′)dy′,
v3(x) =
∫
G3
P (x, y′)f(y′)dy′,
v4(x) =
∫
G4
P (x, y′)f(y′)dy′,
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then
v(x) = v1(x) + v2(x) + v3(x) + v4(x). (2.3)
Let E1(λ) = {x ∈ Rn : |x| ≥ 2, ∃t > 0, m(ε)(B(x, t) ∩ Rn−1) >
λp( t
|x|
)pn−α}, therefore, if |x| ≥ 2Rε and x /∈ E1(λ), then we have
∀t > 0, m(ε)(B(x, t) ∩Rn−1) ≤ λp( t|x|)
pn−α.
First, if γ > −(n−1)(p−1), then γq
p
+(n−1) > 0. For r > 1, we have
v1(x) =
∫
G1∩B(0,r)
P (x, y′)f(y′)dy′+
∫
G1−B(0,r)
P (x, y′)f(y′)dy′ = v11(x)+v12(x).
If |x| > 2r, then we obtain by Lemma 2 (1) and Holder’s inequality
|v11(x)| ≤
∫
B(0,r)−B(0,1)
2xn
ωn
2n
|x|n |f(y
′)|dy′
≤ 2
n+1
ωn
xn
|x|n
(∫
B(0,r)−B(0,1)
|f(y′)|p
|y′|γ dy
′
)1/p(∫
B(0,r)−B(0,1)
|y′| γqp dy′
)1/q
,
since ∫
B(0,r)−B(0,1)
|y′| γqp dy′ ≤ ωn−1 1γq
p
+ n− 1r
γq
p
+n−1,
so that
v11(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
Moreover, we have similarly
|v12(x)| ≤ 2
n+1
ωn
xn
|x|n
(∫
G1−B(0,r)
|f(y′)|p
|y′|γ dy
′
)1/p(∫
G1−B(0,r)
|y′| γqp dy′
)1/q
≤ Axn|x|
γ
p
+n−1
q
−n
(∫
G1−B(0,r)
|f(y′)|p
|y′|γ dy
′
)1/p
,
which implies by artitrariness of r that
v12(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
If γ > −(n − 1)(p − 1), then γq
p
+ (n − 1) > 0, so that we obtain by
Holder’s inequality
|v2(x)| ≤ 2xn
ωn
(∫
G2
|f(y′)|p
|x− (y′, 0)|pn|y′|γ dy
′
)1/p(∫
G2
|y′| γqp dy′
)1/q
≤ Axn|x|
γ
p
+n−1
q
(∫
G2
|f(y′)|p
|x− (y′, 0)|pn|y′|γ dy
′
)1/p
,
7since∫
G2
|f(y′)|p
|x− (y′, 0)|pn|y′|γ dy
′ ≤
∫ 3|x|
xn
2
2γ + 1
tpn
dm(ε)x (t)
≤ ε
p
|x|pn (2
γ + 1)
(
1
3α
+
pn
α
) |x|α
xαn
,
where m
(ε)
x (t) =
∫
|y′−x|≤t
dm(ε)(y′).
Hence we have
v2(x) = o(x
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞.
If γ < (n − 1) + p, then (γ
p
− n)q + (n− 1) < 0, so that we obtain by
Lemma 2 (2) and Holder’s inequality
|v3(x)| ≤
∫
G3
2xn
ωn
2n
|y′|n |f(y
′)|dy′
≤ 2
n+1
ωn
xn
(∫
G3
|f(y′)|p
|y′|γ dy
′
)1/p(∫
G3
|y′|(γp−n)qdy′
)1/q
≤ Axn|x|
γ
p
+n−1
q
−n
(∫
G3
|f(y′)|p
|y′|γ dy
′
)1/p
,
so that
v3(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
Finally, by Lemma 2 (1), we obtain
|v4(x)| ≤ 2
n+1
ωn
xn
|x|n
∫
G4
|f(y′)|dy′,
so that we have by γ > −(n− 1)(p− 1)
v4(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
Thus, by collecting (2.5), (2.6), (2.7), (2.8), (2.9), (2.10)and (2.11),
there exists a positive constant A independent of ε, such that if |x| ≥
2Rε and x /∈ E1(ε), we have
|v(x)| ≤ Aεx1−
α
p
n |x|
γ
p
+n−1
q
−n+α
p .
Let µε be a measure in R
n defined by µε(E) = m
(ε)(E ∩Rn−1) for
every measurable set E in Rn.Take ε = εp =
1
2p+2
, p = 1, 2, 3, · · · , then
there exists a sequence {Rp}: 1 = R0 < R1 < R2 < · · · such that
µεp(R
n) =
∫
|y′|≥Rp
dm(y′) <
εpp
5pn−α
.
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Take λ = 3 · 5pn−α · 2pµεp(Rn) in Lemma 1, then there exists xj,p and
ρj,p, where Rp−1 ≤ |xj,p| < Rp, such that
∞∑
j=1
(
ρj,p
|xj,p|)
pn−α ≤ 1
2p
.
if Rp−1 ≤ |x| < Rp and x /∈ Gp = ∪∞j=1B(xj,p, ρj,p), we have
|v(x)| ≤ Aεpx
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ,
Thereby
∞∑
p=1
∞∑
j=1
(
ρj,p
|xj,p|)
pn−α ≤
∞∑
p=1
1
2p
= 1 <∞.
Set G = ∪∞p=1Gp, thus Theorem 1 holds.
Proof of Theorem 2
We prove only the case p > 1; the remaining case p = 1 can be
proved similarly. Suppose
F1 = {y ∈ H : 1 < |y| ≤ |x|
2
},
F2 = {y ∈ H : |x|
2
< |y| ≤ 2|x|},
F3 = {y ∈ H : |y| > 2|x|},
F4 = {y ∈ H : |y| ≤ 1}.
Define the measure dn(y) by
dn(y) =
ypn
(1 + |y′|)γ dµ(y)
For any ε > 0, there exists Rε > 2, such that∫
|y|≥Rε
dn(y) <
εp
5pn−α
.
For every Lebesgue measurable set E ⊂ Rn, the measure n(ε) defined
by n(ε)(E) = n(E∩{y ∈ H : |y| ≥ Rε}) satisfies n(ε)(H) ≤ εp5pn−α , write
h1(x) =
∫
F1
G(x, y)dµ(y),
h2(x) =
∫
F2
G(x, y)dµ(y),
h3(x) =
∫
F3
G(x, y)dµ(y),
h4(x) =
∫
F4
G(x, y)dµ(y)
9then
h(x) = h1(x) + h2(x) + h3(x) + h4(x). (2.10)
Let E2(λ) = {x ∈ Rn : |x| ≥ 2, ∃t > 0, n(ε)(B(x, t)∩H) > λp( t|x|)pn−α},
therefore, if |x| ≥ 2Rε and x /∈ E2(λ), then we have
∀t > 0, n(ε)(B(x, t) ∩H) ≤ λp( t|x|)
pn−α.
First, note that
|G(x, y)| = |E(x− y)−E(x− y∗)| ≤ 2xnyn
ωn|x− y|n . (2.11)
If γ > −(n− 1)(p− 1), then γq
p
+ (n− 1) > 0. For r > 1, we have
h1(x) =
∫
F1∩B(0,r)
−G(x, y)dµ(y)+
∫
F1−B(0,r)
−G(x, y)dµ(y) = h11(x)+h12(x)
If |x| > 2r, then we obtain by Lemma 2 (1), (2.11) and Holder’s in-
equality
|h11(x)| ≤
∫
B(0,r)−B(0,1)
2xnyn
ωn|x− y|ndµ(y)
≤
∫
B(0,r)−B(0,1)
2xnyn
ωn
2n
|x|ndµ(y)
≤ 2
n+1
ωn
xn
|x|n
(∫
B(0,r)−B(0,1)
ypn
|y|γ dµ(y)
)1/p(∫
B(0,r)−B(0,1)
|y| γqp dµ(y)
)1/q
,
since ∫
B(0,r)−B(0,1)
|y| γqp dµ(y) ≤ 2n−1r γqp +n−1
∫
H
1
(1 + |y|)n−1dµ(y),
∫
B(0,r)−B(0,1)
|y| γqp dµ(y) =
∫
B(0,r)−B(0,1)
|y| γqp +n−1 1|y|n−1dµ(y)
≤ 2n−1
∫
H
1
(1 + |y|)n−1dµ(y)r
γq
p
+n−1,
so that
h11(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
Moreover, we have similarly
|h12(x)| ≤ 2
n+1
ωn
xn
|x|n
(∫
F1−B(0,r)
ypn
|y|γ dµ(y)
)1/p(∫
F1−B(0,r)
|y| γqp dµ(y)
)1/q
≤ Axn|x|
γ
p
+n−1
q
−n
(∫
F1−B(0,r)
ypn
|y|γ dµ(y)
)1/p
,
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which implies by artitrariness of r that
h12(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
If γ > −(n − 1)(p − 1), then γq
p
+ (n − 1) > 0, so that we obtain by
Holder’s inequality
|h2(x)| ≤
(∫
F2
|G(x, y)|p
|y|γ dµ(y)
)1/p(∫
F2
|y| γqp dµ(y)
)1/q
≤
(∫
F2
|G(x, y)|p
ypn
(2γ + 1)dn(y)
)1/p(∫
F2
|y| γqp dµ(y)
)1/q
≤ A|x| γp+n−1q
(∫
F2
|G(x, y)|p
ypn
dn(y)
)1/p
,
since∫
F2
|G(x, y)|p
ypn
dn(y) ≤
∫
|y−x|≤3|x|
|G(x, y)|p
ypn
dn(ε)(y)
=
∫
|y−x|≤xn
2
|G(x, y)|p
ypn
dn(ε)(y) +
∫
xn
2
<|y−x|≤3|x|
|G(x, y)|p
ypn
dn(ε)(y)
= h21(x) + h22(x),
so that
h21(x) ≤
∫
|y−x|≤xn
2
(
2
(n− 2)ωnxn|x− y|(n−2)
)p
dn(ε)(y)
=
(
2
(n− 2)ωnxn
)p ∫ xn
2
0
1
tp(n−2)
dn(ε)x (t)
≤
(
2
(n− 2)ωn
)p
np− α
(2p− α)22p−α ε
p x
p−α
n
|x|np−α .
Moreover, we have by (2.11)
h22(x) ≤
∫
xn
2
<|y−x|≤3|x|
(
2xn
(n− 2)ωn|x− y|n
)p
dn(ε)(y)
=
(
2xn
ωn
)p ∫ 3|x|
xn
2
1
tpn
dn(ε)x (t)
≤
(
2
ωn
)p
(
1
3α
+
np2α
α
)εp
xp−αn
|x|np−α ,
where n
(ε)
x (t) =
∫
|y−x|≤t
dn(ε)(y).
Hence we have
h2(x) = o(x
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞.
11
If γ < (n − 1) + p, then (γ
p
− n)q + (n− 1) < 0, so that we obtain by
Lemma 2 (2), (2.11) and Holder’s inequality
|h3(x)| ≤
∫
F3
2xnyn
ωn|x− y|ndµ(y)
≤
∫
F3
2xnyn
ωn
2n
|y|ndµ(y)
≤ 2
n+1
ωn
xn
(∫
F3
ypn
|y|γ dµ(y)
)1/p(∫
F3
|y|(γp−n)qdµ(y)
)1/q
≤ Axn|x|
γ
p
+n−1
q
−n
(∫
F3
ypn
|y|γ dµ(y)
)1/p
,
so that
h3(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
Finally, by Lemma 2 (1) and (2.11), we obtain
|h4(x)| ≤
∫
F4
2xnyn
ωn|x− y|ndµ(y) ≤
2n+1
ωn
xn
|x|n
∫
F4
yndµ(y),
so that we have by γ > −(n− 1)(p− 1)
h4(x) = o(xn|x|
γ
p
+n−1
q
−n) as |x| → ∞. (1.9)
Thus, by collecting (2.12), (2.13), (2.15), (2.16), (2.17), (2.18), (2.19)
and (2.20), there exists a positive constant A independent of ε, such
that if |x| ≥ 2Rε and x /∈ E2(ε), we have
|h(x)| ≤ Aεx1−
α
p
n |x|
γ
p
+n−1
q
−n+α
p .
Similarly, if x /∈ G, we have
h(x) = o(x
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞. (2.21)
by (1.11) and (2.21), we obtain
u(x) = v(x) + h(x) = o(x
1−α
p
n |x|
γ
p
+n−1
q
−n+α
p ) as |x| → ∞
hold in H −G, thus we complete the proof of Theorem 2.
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